We present a new method for the derivation of convolution identities for finite sums of products of Bernoulli numbers. Our approach is motivated by the role of these identities in quantum field theory and string theory. We first show that the Miki identity and the Faber-Pandharipande-Zagier (FPZ) identity are closely related, and give simple unified proofs which naturally yield a new Bernoulli number convolution identity. We then generalize each of these three identities into new families of convolution identities depending on a continuous parameter. We rederive a cubic generalization of Miki's identity due to Gessel and obtain a new similar identity generalizing the FPZ identity. The generalization of the method to the derivation of convolution identities of arbitrary order is outlined. We also describe an extension to identities which relate convolutions of Euler and Bernoulli numbers.
Introduction: Convolution identities for Bernoulli numbers
The Bernoulli numbers B n are defined by the generating function [1] b(x) ≡ x e x − 1 = ∞
n=0
B n x n n! (1.1)
As is well known, the B n play an important role in combinatorics and number theory, and there exist many combinatorial identities involving these numbers [2, 3] . In the present paper, we will be concerned with the special case of convolution identities, which involve finite sums of products of Bernoulli numbers. The best known such convolution identity was found already by Euler (and independently by Ramanujan): Many more such identities, involving folded sums of Bernoulli numbers, have been found since Euler's work (see, e.g., [4, 5, 6] ). Most of them are similar to Euler's identity (1.2) in the sense that they involve Bn n! rather than B n itself, as is the case already for the defining formula (1.1). Identities involving the B n themselves, without the factorial denominator, are much rarer. One such identity was found by H. Miki in 1978. [7] ): For integer n ≥ 2, Here H i denotes the ith harmonic number,
Theorem 1.2 : (Miki
As is well-known, the harmonic numbers can be alternatively expressed in terms of the digamma function ψ(x) = Γ ′ (x)/Γ(x) and the Euler-Mascheroni constant γ:
Miki's original proof of the identity (1.5) identity is quite involved [7] . A more elementary proof was given recently by I. M. Gessel [8] , using two different expressions for the Stirling numbers of the second kind. In Section 2.1 we present an even simpler proof, based on an appropriate generating function.
In 1998 C. Faber and R. Pandharipande [9] found that certain conjectural relations between Hodge integrals in Gromov-Witten theory [10, 11] (see also [12] ) require the following identity to hold. Theorem 1.3 : (Faber and Pandharipande, with a proof by Zagier [9] ) For integer n ≥ 2,
A proof of the Faber-Pandharipande-Zagier (FPZ) identity (1.8) was given by D. Zagier in an appendix to [9] . Note that the structure of the FPZ identity (1.8) is similar to Miki's identity (1.5). We later show (see Theorem 2.1) that this similarity is even more striking if Miki's identity is written in a slightly different form.
Apart from pure mathematics, the Bernoulli numbers appear prominently in perturbative quantum field theory. This comes about at a very basic level [13] : perturbative loop calculations in quantum field theory generally involve traces of inverse powers of derivatives of functions defined on a circle. Since the spectrum of the ordinary derivative operator ∂ P with periodic boundary conditions consists of the integer numbers, one has tr(∂ −2n
But ζ(2n) is related to the Bernoulli numbers through Euler's identity,
The Bernoulli numbers also appear naturally in so-called "effective action" computations in quantum field theory, a field pioneered by W. Heisenberg and H. Euler, and V. Weisskopf [14] .
In [15, 16] , the present authors found that Miki's identity arises naturally in a certain computation in perturbative quantum field theory. Specifically, it arises in the course of the calculation of the two-loop effective Lagrangian for quantum electrodynamics in a constant background self-dual field. This calculation was done using two different integral representations. It turned out that both representations yield a result for the coefficients of the weak field expansion of this effective Lagrangian which involve a convolution of Bernoulli numbers, and that what is needed to show the equivalence of both results is precisely Miki's identity (1.5). Since the two integral representations used are related by a simple coordinate transformation, this actually yields a new, and quite straightforward, proof of Miki's identity. This proof will be given in section 2.1. The simplicity of the approach presented here suggests a number of generalizations of these two identities, some of which are presented in sections 3 to 5. Further generalizations are outlined in the conclusions.
Simple generating function proofs of Miki and FPZ identities
In this section we presented simple unified proofs of the Miki and FPZ identities based on generating functions.
Generating function proof of Miki's identity
Consider the generating functionψ
This function plays an important role in the quantum field theory computations in [15, 16] . From the asymptotic (large x) expansion of the digamma function [1] it follows that
Thus for the square ofψ one finds 
We break this comparison into three straightforward lemmas.
Lemma 2.1.1 :
Now, using the trigonometric identity coth s coth s ′ = coth(s + s ′ ) coth s + coth
together with the symmetry s ↔ s ′ , and the transformation of variables 1 Our proof of Miki's identity follows by evaluating the asymptotic expansions of the integrals appearing on the right-hand side of (2.5).
Lemma 2.1.2 :
Proof : The u integral is elementary:
After an integration by parts, the remaining y integral takes the form
The asymptotic expansion of the y integral is obtained using the Taylor expansion [1] 
which directly yields the result (2.9) after performing the y integration.
Lemma 2.1.3 :
Proof : First, consider the u integral. We use the Taylor expansion of the coth function [1] ,
for both coth yu and coth y. The u integral becomes elementary:
Doing the y integral we obtain the result of Lemma 2.1.3.
Miki's identity (1.5) is then proved by comparing the results of Lemmas 2.1.1 -2.1.3 with (2.3).
We conclude this section on Miki's identity by remarking that in the proof of Lemma 2.1.2, the partial integration in y leading to (2.11) is not essential. If, instead, one does the y integral directly using (2.14) and (2.12), one arrives at a slightly different version of Miki's identity:
where we have used
, and B 0 = 1. Comment 2.1.1 : This last form (2.16) of Miki's identity brings out most clearly the similarity to the FPZ identity (1.8).
Generating function proof of the FPZ identity
To prove the FPZ identity we use, instead ofψ(x), the generating functionψ(x) defined bȳ
The large x expansion ofψ(x) isψ
whereB 2k was defined in (1.9). The expansion (2.18) follows from the corresponding expansion (2.2) forψ(x), using the "doubling" identity [1] for the ψ function,
Thus, the square ofψ(x) is the generating function for the left-hand side of the FPZ identity (1.8) :
The generating function for the right-hand side of the FPZ identity is obtained by squaring the following integral representation forψ(x):
Proof : Squaring the integral representation (2.21), using the trigonometric identity
and the symmetry under s ↔ s ′ , it follows that
Applying the transformation of variables (2.8), we obtain (2.22).
Our proof of the FPZ identity now follows by evaluating the asymptotic expansions of the integrals appearing on the right-hand side of (2.22).
Lemma 2.2.2 :
The proof is almost identical to the proof of Lemma 2.1.2, but in doing the y integral we use an asymptotic expansion of 1/ sinh y rather than coth y. This has the effect of replacing one of the Bernoulli number factors B 2n−2k byB 2n−2k , and also of changing the upper limit of the k summation from (n − 1) to n.
Lemma 2.2.3 :
The proof is almost identical to the proof of Lemma 2.1.3, except we use the asymptotic expansion of 1/ sinh y rather than (coth y − 
A new convolution identity
The similarity between the proofs and forms of the Miki and FPZ identities immediately suggests a new identity, in which on the left-hand side the B 2n andB 2n are mixed. As is clear from Section 2, such an identity could be derived using the generating functionψ(x)ψ(x), and comparing its summation and integral representations. However, there is another, even simpler, way to derive this mixed identity. Note that the two generating functionsψ(x) andψ(x) are related via the ψ function doubling identity (2.19) as:
Thus, it follows that
A new Bernoulli convolution identity emerges by using the asymptotic expansions (2.2) and (2.18) for the left-hand side of (3.2), and the asymptotic expansions of the squares of the integral representations (2.4) and (2.21) ofψ(x) andψ(x), respectively, on the right-hand side. All necessary results for the squares of the relevant integral representations are contained in Lemmas 2. 
Proof : The generating function for the left-hand side is given by half the left-hand side of (3.2). The right-hand side is obtained by using Miki's identity in the form (2.16) for the squares ofψ, and the FPZ identity (1.8) for the square ofψ. Simple algebra then leads to the form in (3.3).
Three infinite families of convolution identities
The use of the generating functionsψ(x) andψ(x) to prove the Miki and FPZ identities, as well as the new "crossed" identity (3.3) in Theorem 3.1, immediately leads to natural generalizations of each type of identity.
Generalization of Miki's Identity
To derive a generalization of Miki's identity, consider the p th derivative of the generating functioñ ψ(x). This has the large x asymptotic expansion:
This function also has the following integral representation:
We can use this integral representation to extend the definition ofψ (p) (x) to non-integer values of p; for this extrapolation the expansion (4.1) continues to hold, as can be seen by using (2.14)
under the integral in (4.2). Thus, in the following let p denote an arbitrary non-negative number. We can derive new identities, for any such p, by squaring these two representations ofψ (p) (x), and then comparing, just as was done (for p = 0) to prove Miki's identity. The proof proceeds in a very similar manner.
Lemma 4.1.1 :
Proof: follows from (4.1).
Lemma 4.1.2 :
Proof : Square the integral representation (4.2), change variables from s and s ′ to y and u, as in (2.8), and regroup terms as in the proof of Lemma 2.1.1. Note that the argument about symmetrizing with respect to s and s ′ still holds because the extra factors in the integrand appear as (s
Now consider each of the three terms appearing on the RHS of (4.4).
Lemma 4.1.3 :
Proof : immediate.
Lemma 4.1.4 :
Proof : First, consider the u integral:
Now doing the y integral we obtain: 
where β(p, q) is the Euler beta function. Doing the y integral we obtain the result of Lemma 4.1.5.
We are now ready to state the generalization of Miki's identity:
Theorem 4.1 : For any p ≥ 0, and for integer n ≥ 2: 
Generalization of the FPZ Identity
To derive a generalization of the FPZ identity, consider the p th derivative of the generating functionψ(x). This has the large x asymptotic expansion:
As in the Miki case, we can use (4.14) to defineψ (p) (x) for non-integer p. We can then derive new identities, for any positive p, by squaring these two representations ofψ (p) (x), and then comparing, just as was done (for p = 0) to prove the FPZ identity. The proof proceeds in a very similar manner.
Lemma 4.2.1 :
Proof: follows from (4.13).
Lemma 4.2.2 :
Proof : Square the integral representation (4.14), change variables from s and s ′ to y and u, and regroup terms as in the proof of Lemma 2.2.1.
Now consider each of the two terms appearing on the RHS of (4.16).
Lemma 4.2.3 :
Proof : The proof is almost identical to the proof of Lemma 4.1.4, but in doing the y integral we use an asymptotic expansion of 1/ sinh y rather than coth y − 1 y . This has the effect of replacing one of the Bernoulli number factors B 2n−2k byB 2n−2k , and also of changing the upper limit of the k summation from (n − 1) to n.
Lemma 4.2.4 :
Proof : The proof is almost identical to the proof of Lemma 4.1.5, except we use the asymptotic expansion of 1/ sinh y rather than coth y.
We are now ready to state the generalization of the FPZ identity:
Theorem 4.2 :
For any p ≥ 0, and for integer n ≥ 2: 
. This brings us to Theorem 4.3 : For any p ≥ 0, and for integer n ≥ 2: 
Higher order convolution identities
In the recent [8] , I.M. Gessel shows the existence of an infinite tower of convolution identities involving multiple products of Bernoulli numbers, of which Miki's identity (1.5) is just the lowest order one. He also explicitly obtains the next element of this series, a triple product identity:
In our present approach, it is clear how to construct generalizations of the Miki and FPZ identities involving N -fold products of Bernoulli numbers:
1. Take the N th power ofψ(x) (resp.ψ(x)). The expansions (2.2) (resp. (2.18)) generate the N − 1 -fold convolution on the left-hand side of the identity,
(with B l replaced byB l in the FPZ case). 
The Jacobi factor of this transformation is y N −1 .
5. Use the Taylor expansions (2.14),(2.12) to do all integrals.
Let us carry this through explicitly for the case N = 3. In the Miki case, after step 3 one finds Moreover, we have already combined terms in a way which facilitates the evaluation of the integrals (in particular, it avoids the appearance of spurious singularities).
After the transformation (5.5) the integrals can be done in a way which is completely analogous to the N = 2 case treated in section 2. The result is a slight modified form of the identity (5.1), We conclude by emphasizing again that the types of generating functions and identities discussed here show up naturally in perturbative quantum field theory computations at the second-order (or "two loop") level [15, 16, 20] . We expect related multiple convolution identities of higher order to play a similar role for higher-loop contributions to the effective Lagrangian in quantum electrodynamics beyond the two-loop level. The higher order FPZ type identities might correspond to new relations between Hodge integrals and thus be of relevance for topological quantum field theory and string theory.
